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, Q- , Q-
curve . , $\mathrm{Q}$ $\mathrm{Q}$-curve . , $\mathrm{Q}$
$[6],[7|$ , $\mathrm{Q}$-curve ,
.
$\mathrm{Q}$ $E$ 2 : $E$
$\hat{E},$ $E$ L- $L(E/\mathrm{Q}, s)$ $\hat{L}$ , $\mathrm{Z}$ , , $\mathrm{Z}$
, . , (1) $\mathrm{Z}$ Hasse
, (2) p- $\mathrm{Z}_{P}$ , (3) $\mathrm{Z}_{\mathrm{p}}$ $\hat{E}$
, $L(E/\mathrm{Q}, s)$ Dirichlet , . (1), (2)
, , (3) , $E$
L- , $\mathrm{Q}$ , . ,
, (3) .
$E$ 2 $\mathrm{Q}$-curve , $E$ Weil restriction $A$
. , $E$ $\ell-$ L- , $A$ $\lambda-$
L- , $E$ L- . , $\lambda-$
L- – L- , ,
. , $\hat{E}$ , $A$ $\lambda-$
L- Dirichlet .
2 , 3 , $\mathrm{Q}$
. 4 , , .
2 $0$
$R$ $n$ , $R[[x_{1,n}\ldots, x|]$ . 1
, $R[[x_{1}]]$ , $R[[x]]$ . $R[[x_{1}, \cdots, x_{n}]]$ 2 $\varphi,$ $\psi$ (total) degree $d-1$
, $\varphi\equiv\psi$ mod $\deg d$ .
$R[[x_{1}, \cdots, x_{n}]]0:=$ { $\varphi\in R[[x_{1},$ $\cdots$ , $x_{n}]]|\varphi\equiv 0$ mod $\deg 1$ }
. $\varphi(x)\in R[[x]]_{0}$ 1 $R$ , $\varphi(x)$ invertible
. , $R[[x||_{0}$ $\psi(x)$ , $\varphi(\psi(x))=^{\psi}(\varphi(x))=x$ – .
$\varphi^{-1}(x):=\psi(x)$ .
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Definition 2.1 $F(x_{1}, x_{2})\in R[[x_{1}, x_{2}]]$ $(i)-(iii)$ $F(x_{1,2}x)$ $R$
(1 ) .
$()$ . $F(X1, X2)\equiv x_{1}+x_{2}$ mod $deg2$
(ii) $F(F(X_{1}, X_{2}),$ $x\mathrm{s})=F(x_{1}, F(x_{2}, x_{3}))$
(iii) $F(x_{1,2}x)=F(x_{2,1}x)$
, pD $\hat{G}_{a}(x_{1}, x_{2}):=x_{1}+x_{2}$ , $\hat{G}_{m}(x_{1,2}x):=x_{1}+x_{2}+x_{1}x_{2}$ , , $R$
.
$F(X1, X2),$ $G(x1, X2)$ $R$ , $\varphi(x)\in R[[x]]_{0}$ . $\varphi(x)$ $F(x_{1}, x_{2})$
$G(x_{1,2}x)$ ( $R$ ) ,
$\varphi(F(X_{1}, X_{2}))=G(\varphi(x_{1}), \varphi(x_{2}))$
. $\varphi$ : $Farrow G$ invertible , $\varphi^{-1}(x)$ $G(x_{1,2}x)$
$F(X_{1,2}X)$ . $\varphi(x)$ . , $\varphi(x)$
$\varphi(x)\equiv x$ mod $\deg 2$
, $\varphi(x)$ .
$R$ (resp. ): $Farrow G$
$F\approx_{R}G$ (resp. $F\sim_{R}G$ )
. $\approx_{R}$ (resp. $\sim_{R}$) .
, $R$ $0$ , $K$ $R$ . $R$ $K$
.
Theoreln 2.2 $(cf\cdot[\mathit{6}])R$ $F(x_{1}, x_{2})$ , $R$ If $f$ : $Farrow$
$\hat{G}_{a}$ – .





$G(x_{1}, x_{2})$ $g(x)$ . . Theorem 22 , $F(x_{1,2}x),$ $G(x_{1}, x_{2})$
If , $Farrow G$ , $g^{-1}(f(x))$ . , $F\approx_{R}G$ ,
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$g^{-1}(f(x))\in R[[x||$ . , $R$ $k$ $O_{k}$ ,
, Hasse :
$F\approx o_{k}G\Leftrightarrow \mathcal{O}_{k}$ $\mathfrak{p}$ , $F\approx o_{k,\mathrm{p}}G$
. , $\mathcal{O}_{k,\mathfrak{p}}$ $\mathcal{O}_{k}$ $\mathfrak{p}$ $\mathfrak{p}-$ .
$\mathfrak{p}-$ O , [$7|$ , $\mathfrak{p}$
, $\mathfrak{p}$ , .
Weierstrass . $R$ $0$ , If
.
$E$ $R$ weierstrass
$E:\mathrm{Y}^{2}+A_{1}X\mathrm{Y}+A_{3}Y=X^{3}+A_{2}X^{2}+A_{4}X+A_{6}$ $(A_{1}, \cdots, A_{6}\in R)$
, , If . $T:=-X/Y$ , $T$
$E$ . $T$ , $E$ $w_{E}$ $:=$
$dX/(2Y+A_{1}X+A_{3})$ ,
$w_{E}= \sum_{1n\geq}b_{n}Tnd\tau/T$
. $b_{n}\in R$ , , $b_{1}=1$ . Weierstrass $E$ $\hat{E}(x_{1}, x_{2})$
$\hat{E}(x_{1,2}x):=f_{E}^{-1}(f_{E}(x_{1})+fE(x2))$ , $f_{E}(x):=n \sum\frac{b_{n}}{n}\geq 1X^{n}$
,
. , $\hat{E}(x_{1,2}x)\in R[[x_{1,2}x1]$ . , $\hat{E}(x_{1,2}x)$
$R$ (cf. $[4],[10]$ ).




$E:Y^{2}+A_{1}XY+A_{3}Y=X^{3}+A_{2}X^{2}+A_{4}X+A_{6}$ $(\mathcal{A}_{1}, \cdots, A_{6}\in \mathrm{Z})$
$\mathrm{Q}$ . , Weierstrass $E$
.




. $a_{n}\in \mathrm{Z}$ , , $a_{1}=1$ . L- $L(E/\mathrm{Q}, s)$ $\hat{L}(x_{1,2}x)$
$\hat{L}(x_{1}, x_{2}):=g-1(g(x_{1})+g(x2))$ , $g(x):= \sum_{n\geq 1}\frac{a_{n}}{n}xn$
.
Theorem 3.1 (Honda $[\theta],l7]$) $\hat{L}(X1, X2)$ $Z$
$j$ , $\hat{L}(x_{1,2}.x)$ $\hat{E}(x_{1,2}x)$
$Z$ .
, $\varphi(x)\in \mathrm{Z}[[X]]_{0}$ , $\hat{L}(x_{1,2}x)$ $\hat{E}(x_{1}, x_{2})$ , $T=\varphi(S)$
$T$ $S$ ,
$w_{E}= \sum_{1n\geq}b_{n}T^{n}dT/T=\sum as^{n}dS/nSn\geq 1$
.
Theorem 3.1 , $\hat{E}(X_{1}, X_{2}),\hat{L}(x1, X2)$ $f_{E}(x),g(x)$ $b_{n},$ $a_{n}(n=1,2, \cdots)$
. .
Corollary 3.2 (Honda $[\theta]$) $[7])$ $P$ , $a_{p}\equiv b_{P}$ mod $p$ .
$a_{p}$ , Weil : $|a_{p}|\leq 2\sqrt{P}$ . $P\geq 17$ , $2\sqrt{P}<$
$p/2$ , Corollary 3.2 , $p\geq 17$ , $b_{p}$ $P$
$a_{p}$ . , Corollary 3.2 , Theorem 3.1
$p$ , $p\leq 13$ , $b_{p},$ $b_{p^{2}’ p^{\mathrm{s}}}b,$ $\cdots$
, $a_{p}$ . , $\hat{E}$ , $b_{n}$ ,
$L(E/\mathrm{Q}, s)$ Dirichlet .
4 2 Q-
$k$ $D_{k}$ 2 , $\mathcal{O}_{k}$ $k$ . 2 $k/\mathrm{Q}$
$\sigma$ .
$E$ $\mathcal{O}_{k}$ Weierstrass
$E:Y^{2}+A_{1}X\mathrm{Y}+A_{3}Y=X^{3}+A_{2}X^{2}+A_{4}X+A_{6}$ $(A_{1}, \cdots, A_{6}\in \mathcal{O}_{k})$
$k$ . $E$ global minimal
, $E$ global minimal . , $(Ei)-(Eiv)$
:
$(Ei)$ $k$ $d$ $\varphi:Earrow E^{\sigma}$ ;
$(Eii)$ $d\text{ }\mathrm{s}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{r}\mathrm{e}-\mathrm{f}\mathrm{r}\mathrm{e}\mathrm{e}\neq 1$;
(Eiii) $\varphi^{*}(w_{E^{\sigma}})=ow_{E}$ $O_{k}$ $\alpha$ ;
$(Eiv)$ $\alpha\alpha^{\sigma}=d$ .
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$(Ei)$ , $E$ Q-curve . , $(Eii)$ , (Eiii) $\varphi$ ; $Earrow E^{\sigma}$
$\hat{E}$ $\hat{E}^{\sigma}$
$\mathcal{O}_{k}$ .
, $E$ L- $L_{\alpha}(s)$ .
$A$ $E$ Weil restriction . $A$ $\mathrm{Q}$ 2 , $k$
$E\cross E^{\sigma}$ . , $(Ei),$ $(Eii),$ $(Eiv)$ , $\varphi\cross\varphi^{\sigma}$ : $E\cross E^{\sigma}arrow E^{\sigma}\cross E$
: $E^{\sigma}\cross Earrow E\cross E^{\sigma}$ $E\cross E^{\sigma}$ $A$ $\sqrt{d}-$
. ,
$\iota$ : $\mathrm{Q}(\sqrt{d})arrow \mathrm{Q}\otimes z\mathrm{E}\mathrm{n}\mathrm{d}Q(A)$
. , $(A, \iota)$ $\mathrm{Q}$ type $\mathrm{Q}(\sqrt{d})$ .
$L(A, \iota, s)$ $(A, \iota)$ $\lambda-$ L- . $T$ 2 $\mathrm{Q}(\sqrt{d})/\mathrm{Q}$
,
$L(A, \iota, s)L(A, \iota 0\tau, s)=L(A/\mathrm{Q}, s)=L(E/k, s)$
. , $L(A/\mathrm{Q}, s),$ $L(E/k, s)$ , , $A,$ $E$ $\ell-$ L-
. $(A, \iota)$ , tyPe $\mathrm{Q}(\sqrt{d})$ , $L(A, b, s)$ $\mathrm{Q}(\sqrt{d})$ Dirichlet
.
$L(A, \iota, s)=n\sum_{\geq 1}.\frac{n}{n^{s}}$
. , $c_{1}=1$ , ,
$\{$
$c_{n}\in \mathrm{Z}$ if $(D_{k}/n)=0,1$
$c_{n}\in \mathrm{z}\sqrt{d}$ if $(D_{k}/n)=-1$





, $\tilde{c}_{n}$ . , $\tilde{c}_{n}\in \mathcal{O}_{k}$ , , $\tilde{c}_{1}=1$ . Weierstrass $E$
L- $L_{\alpha}(s)$
$L_{\alpha}(s):= \sum_{1n\geq}\frac{\tilde{c}_{n}}{n^{s}}$
. $L(A, \iota, s)$ $L(A, \iota\circ\tau, s)$ , $\mathrm{Q}$ $\tau$ ,




$\hat{L}_{\alpha}(x_{1}, x2):=g_{\alpha}^{-}(1(g_{\alpha}x1)+g\alpha(x2))$ , $g_{\alpha}(x):=n \sum_{\geq 1}\frac{\tilde{c}_{n}}{n}X^{n}$
. $\hat{L}_{\alpha}(s)$ , .
Theorem 4.1 $\hat{L}_{\alpha}(x_{1,2}x)$ $\mathcal{O}_{k}$ , f $\hat{L}_{\alpha}(x_{1}, x_{2})$ $\mathcal{O}$ $\hat{E}(x_{1,2}x)$
. , $O:=( \bigcap_{\mathrm{P}}fD_{k}\mathcal{O}_{k_{\mathrm{P}}},)\cap k$.
Corollary 4.2 $D_{k}$ $p$ , $\mathcal{O}_{k}$ $\tilde{c}_{p}\equiv b_{p}$ mod $P$
.
$c_{P}$ , Weil : $|c_{p}|\leq 2\sqrt{p}$ . Corollary 4.2
$\tilde{c}_{p}$ , $b_{p}$ , $(D_{k}/p)=\pm 1$ , $c_{\mathrm{P}}$ , , $c_{\mathrm{p}}/\sqrt{d}$
$p$ . , $p\geq 17$ , $b_{p}\mathrm{m}\mathrm{o}\mathrm{d} p$ $\mathrm{c}_{P}$ .
$P\leq 13$ , Theorem 4.1 , $b_{p},$ $b_{P}2,$ $\cdots$ , $c_{p}$
. , $\hat{E}$ , $b_{n}$ , $L_{\alpha}(s)$ Dirichlet
. , $L(A, \iota, s)$ Dirichlet .
, .
Example 4.3 $k$ 2 $Q(\sqrt{-3})$ , $\zeta:=(1+\sqrt{-3})/2$ . $E$ Weierstrass
$E:Y^{2}+(1-\zeta)xY-(1+\zeta)Y=X^{3}+\zeta X^{2}+(19+\zeta)X+18-30\zeta$
$\triangle=-\zeta 2.33.72$ . $(3-()4$
$k$ . $E$ J $\Gamma_{0}(63)$ modular curve (cf.
[4]$)$ . $d.=3,$ $\alpha=2-\zeta$ , $(Ei)-(\dot{E}iv)$ $\varphi$ : $Earrow E^{\sigma}$
.
\mbox{\boldmath $\phi$}\mbox{\boldmath $\zeta$} +
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Corollary 4.2 $p\leq 29$ . , Corollary 42 Weil
) $\mathrm{c}_{p}(5\leq p\leq 29)$ $b_{\mathrm{p}}$ mod $p$ .
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